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1. Cosmic magnetic fields & the need for dynamos

Strength and Length scales



Structure (of galactic magnetic fields)
Estem Magnetic energy density can be comparable

to other characteristic energy densities.

=

Time evolution (in the Sun) 22 urs
-

Magnetic fields can

change periodically .

"Butterfly diagram"
⑤



Dynamos in the context of cosmic history
Magnetic field in a modern

Seed magnetic fields Magnetic field in a galaxy at z= 2 .6 galaxy
[Geach et al . 2023]
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2. Modelling dynamos

2
.
1 MHD equations

Mass conservation : + (g) =

Momentum conservation :

+ ) = - (p +)+ )B +F + rF

Induction equation : =x(x) -+2
Equation of State : 9 = g(p)



Limitations :· not applicable for high frequency phenomena (that involve charge
separation) - W Wp

· non-relativistic (VY1)

· assume transport coefficients are scalars
-> r,

lotherwise strong B-fields lead to anisotropies)



2.2 Dynamo definitions and classes (tx) .5 = . (a x 5)
+ a -(x5)

Governing equations & energetics (incompressible fluid) : (5x) = 5 (x)

=x(xB) -M(x(x) (x)
·

+ ) = - Ep + N+B)x + F +r(**)

Multiply (*) by and integrate over volume (and ignore fluxes through surfaces) :

ge = S(x)]· V - St*x()] · N

=> V = S)(x)dV- xidV I= x
=If(x) .jdV-S
== Ef(jx)dV- SidV
z - ~

magnetic energy work of Lorentzforce resistive losses



Multiply (**) by ev and integrate over volume (and ignore fluxes through surfaces) :

StrdV=+ S . (ix)dV + SFdV-erfgxdV
~ -
kinetic energy work of Lorentz force

=> "Definition" of a dynamo :

kinetic energy
MHD dynamo

> magnetic energy
= flow of energy



Different types of dynamos
· Kinematic dynamo Nonlinear dynamo
↓ is given ↓ is affected byE [via E(V) xib]
=> need only (*) => need (k) and (**)

· Large-scale dynamo 4 Small-scale dynamo
- -

mean
.



Large-scale dynamo : phenomenology

-

->
-> -> -> ->

--
- -effect & effect



2.3 Mean-field magnetohydrodynamics - Steenback
,
Krause, & Radler (1966)

Mean-field induction equation

Separation into mean fields and fluctuations : E- (5) + B

[ ) (E) + Y

[xi)) = <55) and <B)
= 0]

Insert in induction equation :

=xTk)+)x() +] +M2(i) + i) (***) laverage

=> =x[()) + ) +Fi)) + [i] +M<B)

-

[i] x(B) O & #O

"mean electromotive
Il

force /EM = E

=> e=*x()x()) + x2 + m(2(i) (****)



What is E ?

#
'

and B are uncorrelated : E = (x is) = (1)) x <15) = 0

=> Is there some correlation ? Yes
,
because" is caused by "

i) Find equation for B

Subtract (**** ) from (***) :

&= xT()X + Ex() + xi - 2) +m

ii) First-order smoothing approximation : Es remains small during correlation time I
=> ignore all terms linear in is find . E)

=> = x(x(i))

E) F = [ ((i) .5) - I (Fit)(i))



Use to evaluate EMF :

Ei= (xB] ;

= ijk V;Bal linsert T

=KijkVj't (B), ) -Eijh[Vjvi

<B vi)
= Xif = -Bikl

X S
L

depend only on statistical properties
of velocity field



iii) Assume isotropic turbulence

an = aSi) = d = - E((**)) [

Bill = - Mi Girl = Mr
= 5) I

=> e=x()x()) + x(x()) + (y + m+) -(B)

Simple dynamo solutions
· "dynamo : (v) =0

=> e= x(x()) +GM
Ansatz : (i) (x) = S(E) expli = + y +)



=> y = Linx - (n + M+)k i
- M +Mi)k2 - ixkz iaky

= y = I jakz-(n +Mih"-inky & slinky ickx - (M +m+) k

=> ( + ( +m + kz)[(y + ( + M+)(2)) - x
- k2 = 0

=>
ro
= - (M+)k* & VI = 1 lxkl-U +Mi) ha

= -2(m ++
=> kmax=M+)

Umax
= leim)) - it

=> Umax=E



· x1-dynamo : <V7 = 10 , 8 .

x
, 0

↑

shear , e . g. S
= -El for Keplerian disc
S =r in Sun

Growth rates :

=> Vo
= - (n +Mi)k

-

I
for axisymmetric

VI = /EXSkel - IM +Mi)G2 solutions Ry =0

Oscillations :

w=
= 1 EaSkz(

55.2. Amplifying magnetic fields in the early Universe



3. Numerical methods in hydrodynamics

3.1 Basic concepts

Fluid dynamics -> Set of coupled Partial Differential Equations (PDEs)
-> need numerical tools

-
Hydrodynamical equations in conservative form
Most convenient form of equations :

Idensity of quantity) + V . (its flox) = sources/sinks

significance of this form : Without sources/sinks
,
the value of a quantity can

only change if there are floxes through the boundary
surface

.



Dynamical equations for ideal fluids :

- + . (gv) = 0

+ (ge + p1) = 1 . (v)= i +(
= 0

· (x + Eevy) + v- [)Ev + c + f)q) = 0

or
,
in compact form :

g + v . E(q) = 0
(x)

su
with = ) g (and E(q) = ) exi + pl I199 + Egu?

↑(vi + E +f)g



~

Discretization : Eulerian vs. Lagrangian methods

Eulerian :Igrid-based) Lagrangian particle-based) Mixture :

· solving ( *) at fixed · solving ( *) comoving · moving mesh
positions with the fluid

-
· evolution of a is

described · evolution of is described

by Eulerian derivative by Lagrangian derivative
-2 =+[t)Ot

· "Adaptive Mesh Refinement" "

E Smoothed-Particle Hydro-
(AMR) possible dynamics" (SPH)



3.2 Finite difference methods for PDEs

Strategy

y 3 times



Basic strategy

8 Jetimes
Hydrodynamical PDEs : analytical solutions
The equations (*) are hyperbolic : The Jacobian matrix of the flux,

Fijtq)=
has only real eigenvalues and is diagonizable.

1D example : Linear advection eg .

8 + ve = 0 l insert formal solution g(x , t) = potte
i(kx-wt)

= w = kv

ik(x - vt)
=> g(x ,+) = go + 912

=> w is always real => travelling wave with group velocity

Vgr
= E = v

=> All modes travel at same speed v.



Transport phenomena are usually described by a very different kind of PDE,
so-called parabolic PDEs .

1D example : Heat eg .

= l insert formal solution : T(x ,
t) =To+ ei(kx

-wt)

=>
w = - ikk

=> T(xit) = To + Teikxe-kk+

=> exponential decay
=> Perturbation will die out

.



Consider (*) in 1D :

-&9 + 2 (1Dx)
St 8x(9v) = 0

O
& Ll-

(i) + (ev + p) = 0 (1D **)

(Eev + (c) + ((zer + 93 + p(v) = 0(D ***)

Assume that p
= const and v= consti

(1Dx)
andD+ ref = 0 (AA)

D***) Ex+++ c = o

+v = 0 (Ak*)

(A*) and (Axx) are formally identical , known as the linear advection equation .



Solutions of (A*) and (Ax *) , assuming initial conditions

f(x , + = 0) = go(x)
E(x ,

+ =0) = Eo(x)

are trivial :

9 (xit) = fo(x - vt)

& (xit) = Co(X - vt)

=> Use this to test numerical schemes.



Hyperbolic PDEs : Numerical solutions
-

Courant-Friedrichs-Lewy condition (short : Courant criterion)

solutions of hyperbolic PDEs travel with Atr Ata
-- ~finite speed v. · · · vAty > Ax

To capture the information in every grid S - ↳
we need :

V Ax

Ate Atz
Iv . A+ / < AX

. 11~ v

Or : s VAty <At

=1
.

v

↑
Courant parameter



Finite difference method

Linear advection eg . for quantity 9 :

+v = 0

Discretization in space and time :

Xi = X + iX

+
"
= to + nAt

How can derivatives be expressed in terms of discretized quantities ?
i) Taylor expansion :

9i -1
= q(xi -Ax)
= g(xi) -Ax(xi) + # (i)- (i) + G(AxY)

qi = q(xi)
git = q(xi + 1x)

= q(xi) +Ax(xi) +# (i)+ (xi) + O(AxY)



ii) Finite difference approximation for spatial derivatives :

- 1st order derivative , lowest accuracy :

· Forward difference : ki) gi & 1st order
· Backward difference : (i) 9-9-1 (i)

accurate
1x

·Centered difference : (i) git1-9in (x) 3 2nd order---

2AX T
um accurate

- 2nd derivative ; e .g .:
truncation error

(i) = gith-29 + 9-1 - ki)(x)
(Ax)2

- 1st derivative , higher accuracy , e .g .:

E (xi)z gi + z + 89i +1 - 89i -1 + qi
+ O/AXY)

12Ax



iii) Finite difference approximation for time derivatives (only backward difference schemes)
:

EigAt
iv) Use in evolution eq :

+ = 0 IE.g .: using central space scheme

=> gin+1 -g
+ v gingiAt

=> ant = - Atri-gin2AX

"Forward Time Central Space (FTCS) scheme
"

"Explicite Euler Scheme"



· 100 cells for domain [0, 1] => Ax = 0.01

Different Euler schemes · At = 0.001 growing
· V= 1=0

.
1 oscillations

Forward-Time - Central-Space (FTCS) : ↓

git =g"-v-)

diffusion like

Forward-Time-Backward-Space (FTBS): ↓

q = gi"-q -g
T

"upwind scheme"

I
Forward-Time - Forward-Space (FTFS) :

=- -
-



Alternative integration schemes



Comparison with alternative schemes

+=1
.

0

numerical
viscosity

- 5 c -too strong
L

T T -

~


